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Abstract
Phase transition in a honeycomb lattice is studied by the means of the two
dimensional Hubbard model and the exact diagonalization dynamical mean field
theory at zero temperature. At low energies, the dispersion relation is shown
to be a linear function of the momentum. In the limit of weak interactions, the
system is in the semi-metal phase. By increasing the on site interaction a semi-
metal to insulator transition takes place in the paramagnetic phase. Calculation
of double occupancy shows such a phase transition is of the second order. The
respective phase transition point and critical on-site interaction are determined
using renormalized Fermi velocity factor.
Keywords: A. Exact diagonalization, B. Dynamical mean field theory, C.
Semi-metal insulator transition, D. Double occupancy
1. Introduction
Materials with two dimensional honeycomb lattice represent an interesting
class of low dimensional systems with many intriguing electronic structure prop-
erties. One such example is Graphene in which the conducting electrons act as
massless fermions at low temperatures. Owing to this unique feature [1], a num-
ber of remarkable phenomena such as the topological Mott-insulator transition
[3] and quantum spin liquid [4], [5] have already been discovered to be realizable
in this two dimensional honeycomb system. The dispersion relation correspond-
ing to these massless Dirac fermions at low energies near the Fermi level can
be described by a relativistic Hubbard-like Hamiltonian linear in terms of the
momentum vector k [6].
The interaction term in the Hubbard model plays a crucial role. In non
interaction case, the honycomb system is in a half-filling semi-metal phase. In-
creasing the on-site interaction in the system, many scenarios can be realized.
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For example, a number of methods including, the Gutzwiller, quantum Monte
Carlo (QMC), iterative perturbation theory (IPT) and exact diagonalization
(ED) methods at zero or finite temperature predict semi-metal to insulator
transition (SMIT) or semi-metal to anti-ferromagnetic Mott insulator transi-
tion at different critical interactions[6–12]. Among these methods, the so-called
dynamical mean field theory (DMFT) is proven to be a powerful tool, allowing
us to find metal to insulator transition in the context of the strongly correlated
systems. This method is exact at infinite dimension [13]. In finite dimension,
however, DMFT neglects nonlocal correlations. By exclusion of this term, one
can, for example, notice a difference in the value of the on-site Coulomb term
Uc as predicted by the cluster dynamical mean field theory (CDMFT) and as
obtained by DMFT [14].
In this work, the phase SMIT in honeycomb lattice is studied using DMFT
coupled with ED method at zero temperature. In this method, we first map
Hubbard model to Anderson impurity model and create a single impurity model.
The new model is then solved exactly with an effective bath, approximated by
a few orbitals [15]. It is to be noted that in the metallic state, according to the
Fermi liquid theory, the increase of the on-site interaction leads to an increase in
the renormalized mass of electrons and, consequently, they tend to be localized.
This is the basis of Brinkman-Rice theory of MIT [16]. However, this scenario
can not be applicable for the massless electrons in Graphene’s honeycomb lat-
tice. To overcome this problem, the renormalized Fermi velocity is instead used
which is proportional to quasi-particle weight at low energy [11, 12]. As a case
study, we consider a toy density of states (TDOS) model and examine the effects
of interaction on shape of density of states (DOS) and phase transition point.
The bar toy DOS has same properties as DOS of honeycomb lattice at U = 0.
In critical U ∼ 11.5 we can see a gap in DOS at zero energy, implying MIT. The
other quantity which is obtained is renormalized Fermi velocity. At U ∼ 11.5,
the massless electrons become localized and renormalized Fermi velocity goes to
zero. We have further used ED method on honeycomb lattice to analyze MIT in
this system. The ground state of impurity model and the occupancy at impu-
rity site, at T = 0 are obtained. For Uc ∼ 11.5, it is shown that MIT takes place.
2. Model and Method
The two dimensional Hubbard model on the honeycomb lattice (HCL) is
given by
H = −t
∑
<i,j>,σ
c†iσcjσ − µ
∑
iσ
c†iσciσ + U
∑
i
ni↑ni↓ (1)
where t denotes the nearest neighbor hopping amplitude and c†iσ(ciσ) are the
creation (annihilation) operator of electrons at site i with spin σ. ni,σ is the
number operator and determines the number of electrons at site i with projection
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of spin σ. µ is the chemical potential and U designates the on-site electron-
electron repulsion energy. We take t as the energy unit through out this paper,
we will consider the half filling case (µ = U/2).
As already mentioned DMFT [13] is exact in the limit of infinite lattice co-
ordinations, where nonlocal correlations become frozen. In finite dimension this
correlations exist but are neglected by DMFT method. The use of DMFT for
study of 2D Hubbard model on honeycomb lattice may accordingly be question-
able since this lattice has only 3 coordinations. However, CDMFT applied on
a square lattice shows that the MIT in 2D lattice are captured by single site
DMFT [14, 17]. In limit of infinite dimensions, the self-energy thus becomes
local function and independent of the momentum but in finite dimension it can
be neglected. The honeycomb lattice is a bipartite system so the self-energy is
written in DMFT as
Σloc(~k, iωn) ∼ Σ(iωn), Σnloc(~k, iωn) ∼ 0, (2)
where ωn =
(2n+1)π
β
is Matsubara frequency and the interacting single site
Green’s function has the following matrix form,
G−1(~k, iωn) =
(
iωn + µ− Σ(iωn) −ǫ(~k)
−ǫ∗(~k) iωn + µ− Σ(iωn)
)
, (3)
where G−10 (
~k, iωn) is the non interacting Green’s function [12]
G−10 (
~k, iωn) =
(
iωn + µ −ǫ(~k)
−ǫ∗(~k) iωn + µ
)
(4)
The local Green’s function of the original lattice on Hubbard model is obtained
by summation over ~k
G(iωn) =
1
N
∑
~k
G(~k, iω), (5)
and we can further convert summation to integration 1
N
∑
~k
→ ∫ ρ(ǫ)dǫ, where
ρ(ǫ) is the bare density of state [15]. In DMFT formalism one can describe 2D
Hubbard model by the Anderson impurity model to describe the dynamics of
the local impurity on site i coupled to free conduction electrons in the bath.
The Anderson impurity Hamiltonian is
HAIM =
∑
lσ
εlc
†
lσclσ +
∑
lσ
Vl(c
†
lσciσ + clσc
†
iσ)− µc†iσciσ + Uni↑ni↓, (6)
where l is the index for bath levels and i corresponds to impurity level. The
impurity Green’s function Gimp(iωn), is calculated by the exact diagonalization
of the Anderson Hamiltonian. We used the Dyson’s equation for calculation of
the bare Green’s function G0(iωn) which represents effective mean field acting
on impurity site
G(iωn) =
1
G−10 (iωn)− Σ(iωn)
. (7)
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In ED method at U = 0, the impurity Green’s function is approximated by the
finite numbers of bath levels
Gimp0 (iωn)
−1 = iωn + µ−
ns∑
l=1
|Vl|2
iωn − εl , (8)
where ns is the bath conduction levels, in the present study we consider ns = 8.
The Anderson parameters set {εl, Vl} is chosen such that the distance func-
tion between the continuous bath function (original lattice) G0(iωn) and the
discretized bath function (impurity model) Gimp0 (iωn) is minimized.
d =
1
nmax + 1
nmax∑
n=0
|ωn|−k|Gimp0 (iωn)−1 −G0(iωn)−1|2. (9)
where nmax is a large upper cutoff, (here nmax = 2
12).The parameter k is very
important when we have small number of bath levels, and if chosen large (e.g.
k = 3) , enhances the importance of the lowest Matsubara frequencies in the
minimization procedure [12, 18]. Above equations are the basic equations for
the the self-consistent solution in ED method. Below we describe our approach
in more detail.
First we use initial set of Anderson parameters, thenGimp0 (iωn) andG
imp(iωn)
are calculated by (8) and diagonalization by (6), respectively. The self-energy
is obtained by Dyson equation, (Σ = Gimp0 − Gimp). In second step G(iωn) is
calculated by (3-5), new bar Green’s function is constructed from (7). For
the sake of faster convergence one could use Gnew0 = αG0 + (1 − α)Gimp0
(0 ≤ α ≤ 1). At final step, a new Anderson parameters is obtained by mini-
mization of distance function 9 (Gnew0 (iωn)→ G0(iωn)). This cycle is repeated
until G0(iωn) ∼ Gimp0 (iωn) and G(iωn) ∼ Gimp(iωn). After convergence, it is
possible to extract the desired observable and physical quantities e.g. DOS,
quasi-particle weight and double occupancy.
3. Results and Discussions
In this paper we first calculated the local Green’s function of the honeycomb
lattice (5). The density of states per unit cell for non interacting honeycomb
lattice is
ρ(ǫ) =
|ǫ|
π2
1√
Z0
F
(
π
2
,
√
Z1
Z0
)
,
Z0 =
{
(1 + |ǫ|)2 − (ǫ2 − 1)2 /4, |ǫ| ≤ 1
4|ǫ|, 1 ≤ |ǫ| ≤ 3
Z1 =
{
4|ǫ|, |ǫ| ≤ 1
(1 + |ǫ|)2 − (ǫ2 − 1)2 /4, 1 ≤ |ǫ| ≤ 3 , (10)
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where F (π/2, x) is the complete elliptic integral of the first kind. Close to the
Dirac point, the dispersion is approximated by ǫ(k) = ±vFk and DOS is
ρ(ε) =
2Ac
π
|ǫ|
v2F
(11)
where Ac is the unit cell area, and vF = 3ta/2 is the Fermi velocity [1]. In the
following a toy DOS (which is conceptually similar to DOS of Graphene and
basically represents the same properties [11]) is used,
ρ(ε) =


2Ac
π
|ǫ|
v2
F
|ǫ| ≤ 3, 6= 1
1 |ǫ| = 1
0 |ǫ| > 3
. (12)
In ED method DOS is approximated by a set of delta functions. This is because
in this method a finite number of conduction levels in the effective bath are
used. The calculated results are accordingly compared with those reported in
Ref. [11]. Insert TDOS in DMFT process and increasing on-site interaction,
the upper and lower Hubbard bands are made and the singularity (for similarity
with Van-Hove singularity) is moved to lower energy, see Fig.1. As expected,
because of delta functions shape of DOS, we could not see any change in Fermi
velocity by increasing U [11, 12].
The quasi-particle weight is the physical quantity for analysis of MIT accord-
ing to Brinkman-Rice theory [16], But in the honeycomb lattice quasi-particles
are massless (we have SMIT), so this theory could not be applicable here, in-
stead we have used the renormalized Fermi velocity factor [11, 12] which have
the same role in SMIT,
Z =
1
1− ∂ℜΣ(ω + iη)
∂ω
∣∣∣∣
ω=0
. (13)
Since the slope of ℑΣ(iω) and ℜΣ(ω + iη) are identical in ω → 0 limit, so the
ℑΣ(iωn)/ωn|n=1 and ∂ℜ(ω + iη)/∂ω|ω=0 have similar treatments at low fre-
quency. In Fig. 2 we plot Fermi velocity renormalized of TDOS for weak and
strong couplings. It is found that for Uc ∼ 11 → 11.5 this factor goes to zero.
This shows that the system is in the insulating phase [11, 12].
The final result of ED for toy model predicts Uc ∼ 11−11.5 for SMIT but in pre-
vious DMFT calculations by IPT method Uc is found to be larger. This is due
to the fact that IPT usually overestimates this critical value [19]. We next com-
pute the Green’s function of systemG(ω+iη) using continued-fraction expansion
and ground-state by Lanczos method. The double occupancy is then obtained
directly by D = 〈g.s.|n↑n↓|g.s.〉 [13]. The ∂D/∂U is proportional to suscepti-
bility, χ, so when curvature of D changes, a singularity occurs in susceptibility
of the system, implying that the system has undergone a phase transition. We
already know χ = ∂2F/∂2U , where F is the free energy. This means that the
singularity in susceptibility corresponds to a second order phase transition [7].
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In Fig.3 we have accordingly plotted double occupancy for weak and stronge
interactions. The phase transition point cab be seen near Uc ∼ 11.25. The
renormalized Fermi velocity for honeycomb lattice is shown in Fig.4, the critical
on-site interaction is predicted to be between ∼ 11 − 11.5, in accordance with
that described for Fig.3.
The previous works based on Hubbard model have found phase transition in
the honeycomb lattice at various Uc values: The quantum Monte Carlo method
used by [7] predicted a semi-metal (SM) to anti ferromagnetic transition (AFT),
followed by a subsequent transition to Mott insulator at Uc ∼ 4.5 ± 0.5. In
the other QMC study considering the broken symmetry through second-order
perturbation theory, the authors found the same SM-AFT phase transition at
Uc = 2.3 for infinite dimensional diamond lattice [8]. The analysis of SMIT in
the HCL has also been done by IPT. The respective SMIT in HCL has been
shown to be of second order but at higher Uc = 13.3. As mentioned above IPT
is known to overestimate the value of Uc as compared with the other DMFT
methods. It is worth mentioning that recently Tran and Kuroki [12] predicted
both the first and second order phase transition points, and their coexistence in
MIT.
4. Conclusion
We studied 2D Hubbard model on Honeycomb lattice and analyzed effects
of short range interaction on renormalization of Fermi velocity and phase transi-
tion by DMFT. We used exact diagonalization method for solving 2D Hubbard
model and calculated double occupancy and renormalized Fermi velocity. The
phase transition point was accordingly obtained. Using two different schemes
we predicted the same critical on-site interaction Uc ∼ 11.25. The phase transi-
tion was found to be of the second order with a critical U lower than that given
in Ref. [11] but close to that given in Ref. [8, 12].
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Figure 1: (Color online) The comparison between non interacting (red) and interacting(blue)
DOS in 2D Hubbard on toy model. By increasing on site interaction singularity moves toward
low energy, and two Hubbard bands appear in two sides of low energy.
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Figure 2: (Color online) The renormalized Fermi velocity decrease by increasing U , near
Uc ∼ 11 Fermi velocity becomes zero and semimetal insulator transition (SMIT) occur.
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Figure 3: (Color online) The double occupancy of Honeycomb lattice for various U . As shown
the curvature of D changes near Uc ∼ 11→ 11.5 indicating a second order phase transition.
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Figure 4: (Color online) The Fermi velocity renormalized factor for Honeycomb lattice near
Uc ∼ 11.5.
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